We consider the compactification of type IIB superstring theory on K3 × K3. We obtain the massless spectrum of the resulting two dimensional theory and show that the model is free of gravitational anomaly. We then consider an orbifold and an orientifold projection of the above model and find that their spectrum match identically and are anomaly-free as well. This gives a dual pair of type IIB theory in two dimensions and can be understood as a consequence of SL(2, Z) symmetry of the ten dimensional theory. *
I. Introduction:
Recent developments of string dualities [1] [2] [3] [4] have enhanced our understanding of the non-perturbative behavior of various string theories considerably. By assuming the existence of an eleven dimensional quantum theory, known as M-theory [3, [5] [6] [7] [8] [9] [10] [11] , the string dualities can be understood more or less in a unified way with the exception of certain symmetries of type IIB theory in ten dimensions [12, 13] . It has been argued in ref. [13] that the symmetries of type IIB theory can be made more transparent by postulating the existence of a twelve dimensional quantum theory called as F-theory. Given the close relationships among F-theory, M-theory, and string theories, it has been pointed out in [15] that certain four dimensional compactifications of F-theory are related to M-theory and string theory compactifications below four dimensions. Thus, a deeper understanding of string theory compactifications in two dimensions will shed light in our understanding of compactifications of F-theory in four dimensions and holds the promise of solving the cosmological constant problem along the lines proposed by Witten [16] .
Having pointed out some motivations, we study in this paper a two dimensional compactification of type IIB superstring theory on K3 × K3. Six dimensional compactifications of type IIB theory on K3 and its orientifold have been studied before. In the first case [17] , one gets a model with chiral N=2 supersymmetry (counting in terms of 6d Weyl spinors) which contains a gravity multiplet alongwith twenty-one antisymmetric tensor multiplets as its massless spectrum and is shown to be free of gravitational anomaly. This model has been shown [18, 19] to be equivalent to M-theory compactification on an orbifold T 5 /Z 2 where five tensor multiplets come from the untwisted sector and the remaining sixteen tensor multiplets come from the twisted sector by placing sixteen
Ramond-Ramond (R-R) five-branes on the internal space as dictated by the condition of gravitational anomaly cancellation. In the second case [20] , when one considers the orientifold projection of compactification of type IIB theory on K3, one gets a chiral N=1 supersymmetric model which contains in addition to a gravity multiplet, nine tensor multiplets and twelve hypermultiplets in the untwisted sector and eight vector as well as eight hypermultiplets in the twisted sector by placing eight R-R five-branes on the internal space. An identical spectrum can also be obtained [21, 22] from an orbifold model of M-theory on (K3 × S 1 )/Z 2 , but in this case eight tensor and eight hypermultiplets come from the twisted sector. Gravitational anomalies have been shown to be cancelled in all these models constructed. In fact, in some cases the condition of gravitational anomaly cancellation provides a useful guide for recovering the states in the twisted sector. In this paper, we extend the previous cases and consider the compactification of type IIB theory further on another K3. This two dimensional model will be shown to possess a chiral N=8 supersymmetry (counted in terms of 2d Majorana-Weyl (M-W) spinors). We compute the complete massless spectrum of the model by making use of the index theory and the Dolbeault cohomology of the simplest Calabi-Yau manifold K3 [23] . We show that this gives a consistent compactification of type IIB theory in 2d, since the model is free of gravitational anomaly. We then project out the above model by an orbifold group
Here F L denotes the space-time fermion number operator on the left moving sector of the world-sheet, σ denotes the involution on the K3 surface and Ω is the orientation reversal of the world sheet. Type IIB theory is invariant under these operations. We compute the massless spectrum of this orbifold and the orientifold models both from the untwisted sector and from the twisted sector. We find that the spectrum, which has chiral N=4 supersymmetry, match precisely for the two models and thus we obtain a dual pair of type IIB theory in two dimensions.
This can be understood as a consequence of the SL(2, Z) symmetry of the ten dimensional type IIB theory.
This paper is organized as follows. In section II, after briefly reviewing the compactification of type IIB theory on K3, we compute the spectrum for the K3 × K3 reduction.
We also show that the model is anomaly-free. We describe the orbifold projection of this model in section III. We compute the spectrum of this orbifold model for both the untwisted and the twisted sectors and show that the model is anomaly-free as well. The orientifold projection is considered in section IV. In this case we find that the spectrum matches identically with the previous orbifold model as a consequence of the SL(2, Z)
invariance of the ten dimensional theory. Finally, we present our conclusions in section V.
II. Compactification of Type IIB Theory on K3 × K3:
The massless spectrum of type IIB theory in ten dimensions are given by the tensor product of a left-moving and a right-moving super Yang-Mills multiplet of the same chirality as follows [24] :
Here 'v', 's' and 'c' represent the vector and two inequivalent spinor representations of SO (8) . 'B' and 'F' represent respectively the bosonic and the fermionic states. So, the bosonic sector of this theory contains a graviton (35 v We now briefly review the K3 reduction of type IIB theory to set up our notations and conventions. A ten dimensional field will be decomposed into a six dimensional (R 6 ) external field and a four dimensional (K3) internal field asΦ(x) =Φ(x)⊗Φ(ȳ) wherexμ is the coordinate on R 6 andȳm is the coordinate on K3.Φ(x) will correspond to the massless particle on R 6 ifΦ(ȳ) satisfies certain differential equations on the internal manifold determined by the equations of motion of the ten dimensional fields. Massless spectrum of the reduced theory then corresponds to the number of solutions of these differential equations. We also need to know certain properties of K3 surface, for example, it admits a Ricci-flat, anti-self-dual Riemann curvature and has the following non-zero Betti numbers,
2 ) denotes the number of self-dual (anti-self-dual) harmonic (1, 1) forms. Using this general strategy and the properties of the K3 surface [25] , we find that the ten dimensional metricĝμν(x) yields one six dimensional gravitoñ [26, 27] on K3 corresponding to the number of gauge invariant deformations of the metric * We will denote the ten dimensional fields and coordinates with a 'hat', six-dimensional objects with a 'tilde' and the two dimensional fields without any accent. The objects on the internal manifold will be denoted with a 'bar'. preserving the Ricci flatness condition. Similarly, fromB (1) µν (x) we get one antisymmetric tensorB (1) µν (x) ⊗ I in six dimensions and 22 scalarsb 1 (x) ⊗fmn(ȳ), since there are 22 harmonic two-forms on K3 altogether. The ten dimensional dilatonφ
(1) (x) simply gives a scalarφ (1) (x) ⊗ I in six dimensions. Having thus described the reduction of the NS-NS sector, we now turn to the R-R sector. The scalarφ (2) (x) gives a six dimensional scalar
µν (x) gives one antisymmetric tensorB (2) µν (x) ⊗ I and 22 scalarsb 2 (x) ⊗fmn(ȳ), whereas, the four-form anti-self-dual tensorÂ
in six dimensions. Finally, the anti-self-dual four-form will give one scalarã 2 (x) half of which comes fromÃ − mnpq and another half by taking the Hodge-dual ofÃ − µνρσ . We will not get any gauge field (since b 3 = 0) or any three-form tensor (since b 1 = 0) from it. Now, we consider the fermionic sector. Here we will make use of the index theory on K3 surface. It is well-known that the Dirac operator on K3 surface has two zero modes corresponding to two (0, p) forms (0, 0) and (0, 2), whereas the Rarita-Schwinger operator has 40 zero modes corresponding to twice the number of 20 harmonic (1, 1) forms [23] i.e. I 1/2 (K3) = 2 and I 3/2 (K3) = −40. Here I counts the number of positive chirality minus the number of negative chirality zero modes. So, the ten dimensional gravitino of negative chiralityψ
(1) − µ (x) will yield one six dimensional gravitino of negative chiralitỹ Thus we have the complete spectrum of type IIB theory on K3 which consists of one graviton (gμν(x)), two gravitinos of negative chirality (ψ
) and 42 positive chirality spin 1/2 Weyl fermions (20χ (5)). Identical spectrum has also been obtained from M-theory compactification on the orbifold T 5 /Z 2 [18, 19] .
We now follow this procedure to obtain the massless spectrum of the two dimensional reduction of type IIB theory on K3 × K3. We note that in 2d, vectors or higher rank tensors do not have any propagating degree of freedom and therefore, we will not count them in the spectrum. Also, both the graviton and the gravitino have formally −1 degree of freedom and so, graviton has to be compensated by a scalar wheras the gravitinos would have to be compensated by spin 1/2 M-W fermions. Keeping these in mind, we find that the six dimensional graviton will give a 2d gravitongμν(x) = g µν (x) ⊗ I and 58 scalarsgμν(x) = c 1 (x) ⊗hmn(ȳ). 58 six dimensional scalarsã 1 (x) will give 58 two dimensional scalars c 2 (x) ⊗ I. The dilatonφ (1) (x) will yield a single scalar in 2d φ 1 (x) ⊗ I.
The antisymmetric tensorB (1) µν (x) gives 22 two dimensional scalars c 3 (x) ⊗fmn(ȳ) and 22 six dimensional scalarsb 1 (x) give another set of 22 scalars c 4 (x) ⊗ I in 2d. Similarly, in the R-R sector, we get fromφ (2) (x), one two dimensional scalar φ 2 (x) ⊗ I and from
µν (x), we get 22 scalars c 5 (x) ⊗fmn(ȳ) and 22 six dimensional scalarsb 2 (x) yield one more set of 22 scalars c 6 (x) ⊗ I. Now from 19 self-dual antisymmetric two-formsÃ )). In counting the bosons, note that, we have split the 2d bosons into chiral and antichiral components. Also note that if we compensate −1 degree of freedom of the two dimensional graviton by a scalar, we will be left with 576 chiral and 320 antichiral bosons.
We next turn our attention to the fermionic sector. In this case we will apply ex-actly the same procedure as the six dimensional reduction on K3. Since in 2d, we have M-W spinors we will count the spinors in terms of them unlike the case in 6d, where they were counted in terms of Weyl spinors. Since the Dirac operator and the RaritaSchwinger operator on K3 has 2 and 40 zero modes respectively, we get from two six dimensional gravitinosψ Now we show that the 2d model we have obtained is free of gravitational anomaly [28] .
The gravitational anomaly associated with spin 3/2 field (chiral minus antichiral) is given by I 3/2 = III. An Orbifold Projection:
In this section, we consider an orbifold projection of the above two dimensional model of type IIB theory on K3 × K3. The orbifold group of transformation we consider consists of the product (−1)
where F L is the space time fermion number operator in the left moving sector of the world-sheet and σ denotes the involution on the K3 surface.
Since type IIB theory is invariant under these operations we find the orbifold model by projecting out this symmetry where only the massless states which remain invariant under these operations will be retained. We will first compute the massless spectrum originating in the untwisted sector and then point out how the twisted sector states could be obtained in analogy with ref. [29] . Finally, we will show that the spectrum thus obtained is free of gravitational anomaly.
By constructing a special K3 surface it has been shown in ref. [30] changes sign. Now we consider the action of (−1) F L on various fields of type IIB theory.
Since (−1) F L has the effect of changing the sign of a fermion in the left moving sector, it is clear from (1) , that all the states in the R-R sector will change sign, leaving the NS-NS sector invariant. Whereas the fermions originating in the R-NS sector will change sign leaving the NS-R sector invariant. Thus summarizing:
It is now straightforward to compute the massless spectrum of this orbifold model which remain invariant under the combined operations (−1) F L · σ. We have seen before that the ten dimensional metric gives 58 scalars on K3 reduction corresponding to the number of gauge invariant deformations of the metric. In this case, the number of scalars which would remain invariant under the involution σ would be b F L · σ. We will also get a two dimensional graviton g µν (x).
Fromφ
(1) (x) we will get one scalar d 2 (x) in 2d. Also, fromB (1) µν (x), we get (14 +14) scalars d 3 (x), since 14 of the 22 harmonic two-forms are invariant.φ (2) (x) will not give a scalar since the (0, 0) form is invariant under σ. FromB 
and 161 antichiral bosons (68 d
If we compensate −1 degree of freedom of two dimensional graviton by a scalar we will be left with 288 chiral and 160 antichiral bosons.
In order to count the fermionic states, we make use of the index theory of K3 surface as before. Corresponding to two invariant (0, p) forms (0, 0) and (0, 2), the Dirac operator has two zero modes and therefore we get 4 gravitinos fromψ We also note that this model has a chiral N=4 supersymmetry because of the presence of 4 gravitinos of negative chirality.
It is known from M-theory compactifications [20] that the condition of gravitational anomaly cancellation by itself is not always powerful enough to determine the massless spectrum completely. Even in the case of some orientifold models of type IIB theory on K3, the untwisted sector itself becomes anomaly-free [19] . So, one has to rely on some other principle to obtain the massless states from the twisted sector. The orbifold model of type IIB theory on K3 × K3, that we considered is also anomaly-free, as we have seen, if we consider only the untwisted sector states. In order to find the twisted sector states, we will follow closely the arguments given by Sen in ref. [20, 29] . We first note that orbifold of K3 × K3 has 64 fixed points -eight from each K3. Near each of these fixed points the space would look like T 8 /(−1) F L · I 8 and therefore the physics in the neighborhood of those fixed points would be the same for type IIB theory either IV. An Orientifold Projection:
We now consider an orientifold model [32, 33] of type IIB theory on K3 × K3. The orientifold group that we consider consists of a product of the involution of K3 surface and the orientation reversal of the world-sheet which is denoted as Ω. The orientation reversal basically interchanges the left moving modes of the string with the right moving modes [34] . Under the operation Ω, it is clear from (1) , that the graviton and the dilaton in the NS-NS sector will remain invariant, whereas the antisymmetric tensorB (1)
As in the orbifold model we will first compute the states in the untwisted sector under the combined operation Ω · σ and then mention, in anlogy with ref. [29] , how to compute the twisted sector states. We again find that this orientifold model is free of gravitational anomaly.
The counting of states in this case proceeds exactly the same way as in the orbifold model with a few differences. As mentioned before, the ten dimensional gravitonĝμν(x)
gives a two dimensional graviton and (34 + 34) scalars e 1 (x) from two K3 which remains invariant under σ. We get one more scalar e 2 (x) fromφ (1) (x) in 2d. Now sinceB (1) µν (x) changes sign under Ω we will get (8 + 8) scalars e 3 (x) from the reduction on K3 × K3.
corresponding to the eight harmonic (1, 1) forms which change sign under σ. In the R-R sector,φ (2) (x) will not give a scalar, whereas fromB We thus find that the massless spectrum of the untwisted sector of the orientifold model is precisely identical with that of the previously considered orbifold model. We again have a chiral N=4 supersymmetry and the cancellation of the gravitational anomaly is exactly the same as shown before. Now in order to construct the twisted sector states, we again use the similar argument as was considered for the orbifold model. In this case, the space near the 64 fixed points would look like T 8 /Ω · I 8 . The twisted sector states of type IIB theory on T 8 /Ω · I 8 have also been obtained by Sen [29] . In this case, it has been found that the twisted sector states live on 16 R-R one brane (type IIB strings) and each of them supports a vector multiplet of two dimensional N=16 supersymmetry algebra in which the eight scalars label the positions of the R-R one-branes on the internal space. Therfore, we again get 128 scalars and 128 positive chirality as well as 128 negative chirality spin 1/2 M-W fermions from the twisted sector. Thus, once again we find that the gravitational anomaly cancels even if we include the twisted sector states as expected. The massless spectrum matches precisely for both the orbifold and the orientifold models including the untwisted as well as the twisted sector states. Note that this is quite expected since under the ten dimensional SL(2, Z) symmetry of type IIB theory, (−1) F L gets precisely converted to the world-sheet parity transformation Ω.
V. Conclusions:
To summarize, we have considered in this paper a two dimensional reduction of type IIB theory on K3 × K3. We found that this gives a consistent compactification of type IIB theory since the resulting spectrum is free of gravitational anomaly. We have also considered an orbifold and an orientifold projection of the above model and computed the massless spectrum for both the untwisted and the twisted sectors. We found that the orbifold and the orientifold models have chiral N=4 supersymmetry and the resulting spectrum in the two cases match precisely including the untwisted and the twisted sector states. We have also shown that in both cases, the models are free of gravitational anomaly. The matching of the spectrum for these models is a consequence of the SL(2, Z) symmetry of the ten dimensional type IIB theory. Two dimensional compactifications of M-theory on various orientifolds have recently been considered in ref. [35] . It will be interesting to find the M-theory and F-theory duals of the two dimensional type IIB compactifications we have considerd in this paper.
